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An Atiyah-Singer Theorem for gerbes. 
Introduction. 

This paper has been motivated by the foUowing problem: Let M be a com- 
pact riemannian manifold, the curvatures are very useful to study the topology 
of M . If the manifold M is spin, the study of the bundles of spinors provides 
results in this way. Unfortunately every compact manifold is not spin. The 
obstruction to the existence of a spin— structure on M is the second Stiefel- 
Whitney class W2{M) of M. Nevertheless the class W2{M) is the classifying 
cocycle associated to a E /2 gerbe on M that we call the spin gerbe, which is 
according to Brylinski, and Mc Laughlin, an illuminating example of gerbe. The 
objects of this gerbe are naturally endowed with a riemannian metric, invariant 
by the automorphisms of the gerbe. It is natural to think that the study of this 
spin gerbe can have topological applications. For example one may expect to 
generalize the Lichnerowicz theorem. On this purpose, we need first to prove 
an Atiyah-Singer type theorem for gerbes, which is our purpose. 

1. On the notion of vectorial gerbes. 

The aim of this section is to develop the notion of vectorial gerbes. 
Definition 1. 

Let M be a manifold, a sheaf S of categories on M, is a map U S{U), 
where U is an open set of M, and S{U) a category which satisfies the following 
properties: 

- To each inclusion U V, there exists a map ruy : S{V) — > S{U) such 
that ru^v ° = fu^w 

- Gluing conditions for objects. 

Consider a covering family (Ui)i£i of an open set U of B, and for each i, 
an object Xi of S{Ui), suppose that there exists a map gij : rij^r]Uj,Uj{xj) 
rUinUj,Ui{xi) such that gijgjk — gik, then there exists an object x of C{U) such 
that rij^^ij{x) = Xi 

Gluing conditions for arrows. 

Consider two objects P and Q of S{M), then the map U Hom{ri/ j^j{P), tu m 
is a sheaf. 

Moreover, if the following conditions are satisfied the sheaf of categories S 
is called a gerbe 
Gl 



There exists a covering family {Ui)i^i of M such that for each i the category 
S{Ui) is not empty 
G2 

Let U be an open set of M, for each objects x and y of t/, there exists a 
covering family {Ui)i^i of t/ such that rui,u{x) and rui,u{y) are isomorphic. 
G3 

Every arrow of S{U) is invertible, and there exists a sheaf ^4 in groups on 
M, such that for each object x of S{U), Hom{x,x) = A{U), and the elements 
of this family of isomorphisms commute with the restriction maps. 

The sheaf A is called the band of the gerbe S, in the sequel, we will consider 
only gerbes with commutative band. 

Notation. 

For a covering family {Ui)i^i of B, and an object Xj of S(Ui), we denote by 
^ii..i„ element r([/.^n..n!7i„,c/i)(2;i)) and by C/ii..i„ the intersection ?7iin..nf/i„. 

Definition 2. 

A gerbe is a vectorial gerbe if and only if for each open set U, the category 
S{U) is a category of vector bundles over U with typical fiber the vector space V 
and maps between objects are isomorphisms of vector bundles. The vector space 
V will be called the typical fiber of the vectorial gerbe. More precisely, there 
exists a covering family {Ui)i^i of M, a commutative subgroup H of Gl{V), 
such that there exit maps g'^j : Ui D Uj — > Gl{V), which define isomorphisms 

{x,y) — > {x,g^J{x)y) 
such that Cijk — gijgjkgki is an H 2— Cech cocycle. 
Examples. 

The Clifford gerbe associated to a riemannian structure. 

Let M be a n— riemannian manifold, 0{M) the reduction of the bundle of 
linear frames which defines the riemannian structure of the manifold M. The 
bundle 0{M) is a locally trivial principal bundle over M which typical fiber is 
0(n). There is an exact sequence 1 E/2 Spin{n) 0{n) 1, where 
Spin{n) is the universal cover of 0{n). We can associate to this problem a gerbe 
which band is lZ/2 and such that for each open set U, Spin{U) is the category 
of Spin{U) bundles over U such that the quotient of each of its element by E/2 
is 0{U), the restriction of 0{M) to U. The classifying cocycle of this gerbe is 
the second Stiefel- Whitney class. 

One can associate to this gerbe a vectorial gerbe named the Clifford gerbe 
Cl{M). For each open set U of M, Cl{U) is the category which objects are 
Chfford bundles associated to the objects of Spin{U). The gerbe Cl{M) is a 
vectorial gerbe. 

Let fif'y be the transitions functions of the bundle 0(M), for each map Qij, 
consider an element Qij over g\- in Spin{n). The the element gij{x) acts on 
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CI{1R") by left multiplication, wc will denote by hij{x) the resulting automor- 
phism of Cl{IR^). The Clifford gerbe is thus defined by hij : UiDUj Spin{n). 

The gerbe defined by the lifting problem associated to a vectorial 
bundle. 

Consider a vector bundle E over M which typical fiber is the vector space 

V. One can associate to E, a principal Gl{V) bundle. We suppose that this 
bundle has a reduction Ek where X is a subgroup of Gl{V). Consider a central 
extension l^H^G^K^l. This central extension defines a gerbe Ch on 
M, such that for each open set U of M, the objects of Ch{U) are G— principal 
bundles over U which quotient by H is the restriction of Ek to U. We denote 
by TT the projection w : G ^ K. 

Suppose moreover defined a representation r : G ^ Gl{W), and a surjection 
f : W ^ V such that the following square is commutative 

W W 

if ^ fi 
V V 

then one can defined the vectorial gerbe Ch,w on M such that the object of 
C{U) are eu oc r, where eu is an object of Gh{U). Let {Ui)iei be a trivialization 
of E defined by the transitions functions g'^j, we consider a map gij : UiCiUj G 
over g'^j. The gerbe Ch,w is defined by r{gij). 

Let T be the set of elements of W fixed by elements of H . The action of G 
on W defines an action of K on T. This action defines a vector bundle St on 
M with typical fiber is T. Let eu be an object of the category Ch,w- then the 
restriction of St to U is the set of elements of eu invariant by H. 

Definition 3. 

-A riemannian metric on a vectorial gerbe C is defined by the following data: 
For each objects eu of C, a riemannian metric <, > on the vector bundle eu 
which is preserved by morphisms of between objects of C{U). We remark that 
the band need to be contained in a compact group in this case since it preserves 
the riemannian metric. 

An example of a scalar product on a gerbe is the following: consider the 

Clifford gerbe Cl{M), we know that the group Spin is a compact group, its 
action on Cl{IFC^) preserves a scalar product. This scalar product defines on 
each fiber of an object eu of Cl{U) a scalar product which defines, a riemannian 
metric <, >,.f, on eu ■ The family of riemannian metrics <, is a riemannian 
metric defined on the gerbe Cl{M). 

Definition 4. 

- A global section of a vectorial gerbe associated to a 1— Cech chain (gij) is 
defined by a covering space {Ui)iei of M, for each clement i of /, an object ei 
of C{Ui), a section Si of ei, a family of morphisms gij : e*- ej such that on 
Uij we have Sj = gij{sj). 
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Let (si)ie/ be an element of S{gij), on Uijk we have: Sj = gjk{sk), Si = 
Qijisj). This implies that Si = 5ygjft(sfc) = gik{sk)- Oi equivalentiy g~i} gijgjk{sk) = 
Sk- Remark that the restriction of the element Sfc is not necessarily preserved 
by all the band. 

Suppose that M is compact, and / is finite. We can suppose that there exists 
io such that T = Ui^— Dij^i^ Ui is not empty. Consider a section Sj^ of which 
support is contained in T, then wo can define a global section such that 

"i^io — ^io' ^^'^ if i ^ io, Ui = 0. This ensures that S{gij) is not empty. 

We will denote by S{gij) the family of global sections associated to {gij)ij^j. 
Remark that S{gij) is a vector space. 

Proposition 5. 

Suppose that the vectorial gerbe C is the gerbe associated to the lifting prob- 
lem defined by the extension l^H^G^K^l and the vector bundle E. 
Let r : G ^ Gl{W) be a representation, we suppose that the condition of the 
previous diagram is satisfied. Then each for G— chain gij, each element {si)i^i 
of the vector space of global sections S{gij), satisfies the following condition: 
there exists a section s of E, such that s^jj^ = f o Si. 

Proof. 

Let (sj)jg/ be a global section associated to the chain S{gij), then on {7^, 

we have Si = gij{sj), this implies that on Uij, f{si) = f{sj). Thus the family 
{f{si))iei of local sections of E defines a global section s of E. 

Remark. 

Let s be a section of the bundle E, locally we can define a family of sections 
Si of Ci, such that /(sj) = s^u^. We can consider the chain Sij = Si — gij{sj). 
We have Sjk — Sik + Sij = Sijk is 2— cocycle. Whenever there exists a chain gij 
a global section s = {si)i^i such that Si = gij{sj), and /(si) = s\ij., it is not 
sure that such a global section exists for another chain hij. This motivates the 
following definition: 

Definition 6. 

We will define the vector space S of formal global sections of the vector gerbe 
C, the vector space which generators are [s] where s is an element of a set of 
global sections S{gij). 

The elements of S, are formal finite sum of global sections. 

The Prehilbertian structure of S{gij). 

First we remark that S{gij) is a vector space. Let s, and t be elements of 
S{gij), we will denote by ,s,; and ti the sections of which define respectively 
the global sections s and t. We have Sj = gij{sj) and ti = gij{tj) this implies 
that asi + bti = gij {as j + btj) where a and b are real numbers. 

- The scalar structure of S{gij). 
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Let {Vk, fk)keK be a partition of unity subordinate to {Ui)i^i, this means 
that for each k there exists an i{k) such that Vk is a subset of J7i(fc) . Since the sup- 
port of fk is a compact subset of Vfc, we can calculate / < Sn(^k)itii(k) > where 
Sii(j,) and tii(fc) arc the respective restrictions of Sj(fc) and to Vk, remark 
that since we have supposed that Sj = gij{sj) and gij is an riemannian isomor- 
phism between Sj and e^, if Vk is also included in Uj, then < Sii(^k),'tii{k) >=< 
^jjik)^tjj{k) > on Vfe. We can define < s,t >=Y,kI < fkSii(k)Jktii(k) >■ 

We will denote by L'^{S{gij) the Hilbert completion of the Pre Hilbert struc- 
ture of {S{gij),<,>). 

The scalar structure on set of formal global sections S. 

Let s and t be two formal global sections, we have s = [snj -l- ■■ -I- [snp], and 
t = [tmi] + •• + [tmg], where Sm and tmj are global sections. 

We will define a scalar product on S as follows: if s and t are elements of 
the same set of global sections S{gij), < [s], [t] >=< s,t >s{gij)- If s and t are 
not elements of the same set of global sections, then < [s], [t] >= 0. 

Proposition 7. 

An element of L'^{S{gij)) is a family of Li^ sections Si of ei such that Si = 
gij{sj). 

Proof. 

Let {s^)i^N be a Cauchy sequence of {S{gij), <,>). We can suppose that 
the open sets Vk used to construct the riemannian metric are such that the 
restriction of a to Vk is a trivial vector bundle. The sequence {.fks^^^^j^^ is 
a Cauchy sequence defined on on the support Tk of fk- Since this support is 
compact, we obtain that {fks\^i^^)i£N goes to an section Sj(fc) of e^. We can 
define Si — J2k,VknUi^<i> fkSi(k)- The family (si)ig/ defines the requested limit. 

Suppose that morphisms between objects commute with laplacian, we can 
then endow S{gij) with the prehilbcrtian structure defined hy < u,v >~ J < 
A^{u),v >, where A''(u) is the global section defined by A^{u)^ = A**(uj). We 
will denote by Hs{S{gij)) the Hilbert completion of this prehilbertian space. 

We will define the formal s— distributional global sections Hs{S) as the vector 
space generated by finite sums [si] -|- ..[sk] where Sj is an element of an Hilbert 
space Hs{S{gij)). 

Connection on riemannian gerbes cmd characteristic classes. 

The notion of connection is not well-defined for general vectorial gerbe, nev- 
ertheless the existence of a riemannian structure on a vectorial gerbe, C, gives 
rise to a riemannian connection on each object eu of C{U), this family of rie- 
mannian connections will be the riemannian connection of the gerbe C. 

Let {Ui)ifzj be an open covering of M, suppose that the objects of C{Ui) are 
trivial bundles. The riemannian connection of the object of C(ej) is defined 
by a 1— so{V) form wi on TUi, and the covariant derivative of this connection 
evaluated to a section of ej is dsi + WiSi. The curvature of this connection is 
the 2— form Qi = dwi + Wi AWi. 
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The 2k'^"^'^ Chcrn class of e^, c\k is defined by Trace[{^i}i)'']. Let e- be 
another object of C{Ui). There exist isomorphisms 4>i : Ci ^ Ui x V, and 
(f>i : e'i ^ Ui X v., and : e, — > e^. The map ° 9% ° (f>^^ is an automorphism 
ofUiXV defined as follows: 

hi : {x,y) {x,Ui{x)y)) 

The riemannian <,>=0^~^ <,> is preserved by hi. We have = 
Ui4>'i~^ This implies that c'2fc = c'*2fe- 

There exists an isomorphism between the respective restrictions and e'^ 

on Ui. As above we can show that this implies that the 2fc— Chern classes of 
and coincide on Ui fl Uj , and defines a global class C2fe on M which is the 
2k— Chern class of the riemannian gerbe. 

We can define the c(C) = ci(M) + ... + c„(M) the total Chern form of the 
gerbe, and the form define locally by ch{C)p, = Tr{exp{i^)) the total Chern 
character. 

2. Operators on riemanniEin gerbe. 

We begin by recalling the definition of pseudo-differential operators for open 

sets of iR" and manifolds. 

Let U, be an open set of JR", we denote by S™'{U) the set of smooth functions 
p{x,u) defined on J7 x iR", such that for every compact set K c U, and every 
multi-indices a and /?, wc have || D^D/^pix^u) \ \< Ca,;3,K(l+ || u 

Let K{U) and L{U) denote respectively the smooth functions with compact 
support defined on U and the smooth functions on U. We can define the map, 
P : K{U) L{U) such that 

P{f) = J pix,u)fiu)e'<^'^>du 

where / is the Fourier transform of /. 
Definition 1. 

An operator on U is pseudo-differential, if it is locally of the above type. 
Definition 2. 

Let P be a pseudo-differential operator, {Ui)i^i a covering family of U such 
that the restriction of P to Ui is defined by P{f) = J Pi{x,u)f{u)e^^^'^^du. 

The operator is of degree m if cr(p|[/.) = Zirnt_>oo ^^^^^ exists. In this case a{p) 
is called the symbol of P. 

Let E he a vector bundle over the riemannian manifold M, endowed with 
a scalar metric. We denote by K{E) and L{E) the respectively set of smooth 
sections of E with compact support and the set of smooth sections of E. An 
operator on the vector bundle _E, is a map P : K{E) L{E) such that there 
exists a covering family {Ui)i^i which satisfies: 

- The restriction of E to C/, is trivial 
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- The restriction of P, of P to Ui is a map Pi : K{Ui x V) ^ L{Ul x V) 
where V is the typical fiber of E. 

- If we consider charts and such that 4'i{Ui x F) = 'xV) = 
U X iR", then the map Pi is defined by the a matrix (pfe;) where pki define 
an operator of degree m. More precisely, if s' is a section of E over Ui and 
s = (si, .., s„) = (j)i{s'), we can define tfc = X^jz" / Pik{x, u)si{u)e^^^''^^ du, and 

Consider S'M the sphere bundle of the cotangent space T*M of M, and 
'K*E the pull-back of S to T*M, the symbols defined by (pij) define a map 
(J : -K* E ^ IT* E. Consider now the projection tts : SM M, then a induces a 
map as : tts*E — > tts*E. 

Let s be a positive integer we denote by hJ'°'^{M,E), the space of dis- 
tributions sections u of E such that D{u) is a ^2'°° section, where D is any 
difi^erential operator of order less than s, and by Hs''""^^{M,E) the subset of 
elements of HJ'°'^{M, E) with compact support. Remark that if M is compact, 
then HJ°''{M, E) = iJ/°"P(M, E). We define by iJ_/°'=(M, £;) to be the dual 
space of iJ/°'"^'(M, E), and by iJ_/'""^'(M, £;) the dual space of Hj^^iM, E). 

The Sobolev space iJg is an Hilbert space endowed with the norm defined 
by (II / < I^'u,u >||)i 

Every operator P of order less than m can be extended to a continuous 
morphism Hg — > Hg-m- 

Definition 3. 

Let C be a riemannian gerbe defined on the manifold M, an operator D of 
degree m on C, is a family of operators of degreem defined on e where e is 
an object of the category C{U). We suppose that for each morphism g : e ^ f, 
Dfg*=g*De. 

Remark. 

The last condition in the previous definition implies that Dg is invariant by 
the automorphisms of e. The map g* is the map which transforms a section s 
to g{s). The operator considered in the sequel will be assumed to be continue. 

It defines a map : i?/°'"P(i7, e) Hl°f^{U, e). 

Proposition 4. Let D he an operator of degree m defined on the riemannian 
gerbe C, then D induces a map Dgf^g..^ : Hs{S{gij)) — > Hs-m{S{gij)) and a map 
Ds:Hs(S)^Hs-m{S). 

Proof. 

Consider a global distributional section s which is an element of Hg{Sg^j j), 
we have gij{D^i {sj)) = D^j{sl). This implies the result. 

In the sequel we will consider only pseudo- differential operators that preserve 
C°° sections. 

The symbol of an operator. 

Let C be a vectorial gerbe defined on M endowed with the operator D of 
degree m, for each object e of C{U), we can pulls back the bundle e by the 
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projection map ttsu ■ SU — > J7 to a bundle TTgije over SU, where SU is the 
restriction of the cosphere bundle defined by a fixed riemannian metric of T*M. 
The family Cs{U) which elements are Tr^^^e is a category. The maps between 
objects of this category arc induced by maps between elements of C{U). The 
map U Cs{U) is a gerbe which has the same band than C. 
Now on the object e, we can define symbol ao^ '■ t^^u^ ~^ '^su^- 
Remark that for every automorphism g of e, the fact that g* o Dg = DgO g* 
implies that Og^^g-i = ao^- 

Proposition 5. Rellich Lemma for the family S{gij). 

Let fn be a sequence of elements of Hg{S{gij)), we suppose that there is a 
constant L such that \ \ fn \ \s< L, then for every s > t, there exits a subsequence 
frik which converges in Hf. 

Proof. 

Let (s„) be a sequence of sections which satisfy the condition of the proposi- 
tion, and {Va, fa) a partition of unity subordinate to {Ui)iei- Wc suppose that 
the support of fa is a compact space Ka- Wo denote by s'^ the section of 
which defines s„, and by the restriction of s*^ to the restriction of Ci to Va- 
The family (faSn^) goes to the element Sia in Va by the classical Rellich lemma. 
We can write then = X]y„cc/i fa^ia- this is an Ht map since the family of 
Va can be supposed to be finite, since M is compact. The family (s*) define a 
global Hs section which is the requested limit. 

Remark. 

A compact operator between Hilbert space is an operator which transforms 
bounded spaces to compact spaces. The previous lemma implies that if s > t, 
then the inclusion Hs{S{gij)) — > Ht{S{gij)) is compact, since as Hs{S{gij)) is 
a separate space, a compact subspace of Hs{S{gij)) is a set such that we can 
extract a convergent sequence from every bounded sequence. 

Proposition 6. 

The space Op{C) of continuous linear maps of Hg{S{gij)) is a Banach space. 
Proof. 

Let Dn be a Cauchy sequence of elements of Op(C), for each global section 
s, the sequence Dn{s) is a Cauchy sequence in respect to the norm of H^, we 
conclude that it goes to an element D{s). The map D : s — > £)(s) is the 
requested limit. It is bounded since {Dn)neN is a Cauchy sequence. 

The previous Lemma allows us to define , the completion of the pseudo- 
differential operators in OP{C) of order to, and to extend the symbol cr to 

Now wc will show that the kernel of the extension of the symbol to 

contains only compact operators. 

Definition 7. 

We say that an operator is elliptic if the family of symbol are invertible 
maps. 
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Proposition 8. 

The kernel of the f of the symbol map contains only compact operators. 
Proof. 

The symbol cr(P) of the operator P is zero if and only if the order m of the 

operator is less than —1. This implies that the operator P is compact. To see 
it, we can suppose our operator to be an L^{S{gij)) operator, by composing 
it by the inclusion map H2-s{S{gij)) — > L'^{S{gij), we conclude by using the 
previous Rellich lemma. 

3. ii'— theory and the index. 

In this part wc will give the definitions of the fiT— theory groups Kq, and Ki, 
and show how we can use them to associate to a symbol of an operator on a 
gerbe, an element of Ko{T*M). 

We will denote by M„ the vector space of n x n complex matrix. For n< m, 

wc consider the natural injection M„ — » M^- We will call Moo, the inductive 
limit of the vector spaces M„, n £ M. 

Let i? be a ring and p, and q be two idempotents of i?oo = -R (8) M^, we 
will say that p ~ g if and only if there exists elements u and v of such that 
p = uv, and q = vu. We denote by [p] the class of p, and by Idem{Rao) the set 
of equivalence classes. 

If [p] and [q] are represented respectively by elements of R®Mn and R(^M„i, 

we can define an idempotent of R^Mn+m represented by the matrix 

\p + q]- 

Definition 1. 

We will denote by Ko{R), the semi-group Idem{Roc), endowed with the law 
lp] + [q\ = \p + q]. 

Let M be a compact manifold, and C(M) the set of complex valued functions 
on M. It is a well-known fact that for a complex vector bundle V on Af, there 
exists a bundle W, such that ^ © is a trivial bundle isomorphic to M x E'''. 
We can thus identify a vector bundle over M to an idempotent of C{X) ® 
which is also an idempotent of C{X)ao- This enables to identify Ko{M) to 
Ko{C{X)). 

In fact the semi-group K{R) is a group. 

Let Glk{R) be the group of invertible elements of Mk{R), if Z < we have 
the canonical inclusion map Gli{R) — > Glk{R)- We will denote by Gloo{R), the 
inductive limit of the groups Glk{R)- 

Definition 2. 

Let Glao{R)o be the connected component of Gl^{R). We will denote by 
Ki{R) the quotient oi Gloc{R) by Gloc{R)o- 

For a compact manifold M, we define Ki{M) by Ki{C{X)). 
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Consider now an exact sequence ^ i?i ^ i?2 ^ -R3 — * of C* algebras, 
we have the following exact sequences in theory: 

-> Ki(E2) K,{Rs) Ko{Ri) ^ Ko{R2) KoiRs) 

Let H be an Hilbert space, we denote by B{H) the space of continuous 
operators defined on H. and K, the subspace of compact continuous operators. 
We have the following exact sequence: 

/C ^ B{n) B{n)/)C = Ca^O. 

It is a well-known fact that Kf){IC) — E. 

Let M be a riemannian manifold, and C a riemannian gerbe defined on M. 
Consider an elliptic operator D defined on C, of degree I. The operator D 
induces a morphisni: D : L'^{S{gij)) H2-i{S{gij)). Consider the operator 
(1 — A)"™ of degree —I. The operator D' = (1 — A)~'^D is a morphism of 
L'^iSig^j)). The symbol of (1 - A)-™£» = a{D). This implies that the image 
of the operator D in the Calkin algebra L'^{S{gij)) is invertible. It thus define a 
class [c7(L»')] of Ki{Ca). The image of [(j{D')] in KoilC) is the index of D. We 
remark that the index of the operator depends only of the symbol. 

For every object e of C{U), the symbol cr(De) is an automorphism of Tr^t/e, 
it defines an element [a{Df.)] of Ki{C{S{U))) (recall that S{U) is the cosphere 
bundle over U defined by the riemannian metric). 

Remark. 

Let U be an open set such that the objects of C{U) are trivial bundles. 
Consider an object e of C{U), and a triviahzation map (j>e '■ e U x V. For 
every object / of C{U), we have ^e~^ (<^-De) — ^f~^* {'^D/)- 

Proposition 3. 

Let C he a vectorial gerbe defined over the compact manifold M, there is a 

trivial com,plex bundle f„i = M x C™ such thai each object ofC{U) where U is 
an open set of M is isomorphic to a subbundle of the restriction of fm to U. 

Proof. 

Let {Ui)i^i be a finite covering family such that for each i the objects of the 
category C{Ui) are trivial bundles. Let eu be an object of C{U). the restriction 
Ci of e to Ui is a trivial vectorial bundle. We consider a fixed object e? of 
C{Ui). Consider a finite partition of unity (/p)pgi,..,i subordinate to the covering 
family (Ui), and 17^ : e° — > V the composition of the triviahzation and the 
second projection. Let hi : Ci ^ e^, we can define the map k : eu ^ jjidimV 
such that k{x) = {f\{-Ke^{x))gih\{x), .., fi{-Keu{x))gihi{x)). k induces a map 
K : M Gm{C^), where m = dimV and A'' = ldirn,(y). ejj is the pulls- 
back of the canonical m— vector bundle over Gm{d^)- We remark that its a 
subbundle of the pulls-back of the trivial bundle Gm{C^) x . 

The orthogonal bundle of eu in the previous result can be chosen canonically 
by considering the orthogonal bundle of the canonical 17"* bundle over Gm{J^^) 
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in Gm{C ) X 17 . We will suppose that this bundle is chosen canonically in 

the sequel. 

Proposition 4. 

Let C he a riemannian gerbe defined over the compact manifold M. Then 
we can associate naturally to the symbol of the elliptic operator D a class [ao] 

in Ki{T*M). 

Proof. 

Let {Ui)i^i, a finite covering family of M such that for each i, each object 

of Ci is a trivial bundle. Consider for each i a trivialization : Ci ^ Uj x V , 
The map 0~^*((T£)^^) is an automorphism of the bundle (j)^^ (7rs*(e)) = Se{Ui). 
This enables to extend (j)~^*{aD^. ) to a morphism of the restriction of to Ui 
completing by 1 on the diagonal since the orthogonal of eu is chosen canonically. 
It results a morphism a'jj of C(M) (g) £7™, that is as an element of C{S*M) ® 
Gl{V). 

This clement defines the requested element [crj-,] of K\{C{S*M) (g) Mk) ^ 

Ki{C{S*M)). 

Let B*M be the compactification of T*M with fibers isomorphic to the unit 
ball. We consider the bundle B*M/T*M that we can identify to the sphere 
bundle S*M. We have the following exact sequence 

^ Cq{T*M) C{B*M) C{S*M) 0. 

This sequence gives rise to the following exact sequence in ii"— theory: 

Kr{C{S*M)®Mk) Ko{C{T*M)®Mk) Ko{C{B* M)®Mk) Kq{C{S* M)®Mk) 

We can define the boundary 5([a'^]) which is an element of Kq{T*M M}.) ~ 
Ko{T*M). 

Proposition 5. 

The index of D depends only of the class of 5[a'j-,] in Kq{T*M). 
Proof. 

We remark that the kernel of the image of a symbol by the map Ki{S*M (g 
Mk) — > Ko(T*M (g) Mh) is zero, if it is the restriction of a map defines on 
B*M. This implies that this symbol is homotopic to a function which does not 
depend of the second variable u. Thus the operator it defines is homotopic to a 
multiplication by a constant which index is zero. 

E. Meinrenken asked me the following question: 

Let M be a manifold which is the union of two open sets Ui and U2 such 
that there exists objects ei and 62 of the respective categories C{U{) and C{U2)- 
Given operators and on ei and 62 is it possible to associate to these 
operators an element of the if— theory? We do not request any compatibility 
between D^i and 0^2- 
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The vectors bundles ei and 62 are subbundles of the respective trivial bundles 
UixU'' and [/2 X-C*^- Let SUi and SU2 be the restriction of the sphere bundle of 
the cotangent space of M to fi and J72, we can canonically extends the symbols 
of -Dei ^'^d -^62) to respective automorphisms cr^jj^ and ctdj of Fi = SUi x C'^, 
and F2 = SU2 X I7^ thus elements of Ki{C{Ui) ® Mk) = Ki{C{Ui)), and 
-f^i(C(C/2) (g) Mfe) = ii'i(C(C/2)), where C(C/i) and C(C/2) are respectively the 
set of differcntiable functions of Ui and U2- 

The Mayer- Vietoris sequence for algebraic iC— theory gives rise to the se- 
quence 

K2{CiSiUinU2)) ^ Ki{C{SM)) ^ Ki{C{SUi))(SKi{C{SU2)) ^ Ki{C{{S{UinU2))) 

if the image of [ctDs J + [c^i^es] previous sequence is zero, then there exists 

a class [ctd] of Ki{SM), which image by the map of the previous exact sequence 
is the element [ctd^J + [ctd^J of Ki{C{SUi) Ki{C{SU2)). The class [ao] is 
not necessarily unique. 

The index formula for operator on gerbes. 

Now, we will deduce an Atiyah-Singer type theorem for riemannian gerbe. 
We know that the Chern character of the cotangent bundle induces an isomor- 
phism: 

Ko{T*M) iJ^^''^"(M, M) 

a; f — > tch{x) 

Consider Vect{Ind) the subspace of Ko{T*M) generated by ap, where P is 
an operator on the riemannian gerbe. It can be considered as a subspace of 
Hf<^^[M,m). The map Vect{ap) R determined by ch{[aF']) ind{F) can 
be extended to a linear map Hc^''^"{M,M) M. 

The Poincare duality implies the existence of a class t{M) such that 

Ind{F) = I ch{[a'p]) At{M) 

4. Applications. 

We will apply now this theory to the problem that has motivated is con- 
struction. 

Let M be a riemannian manifold, consider the Clifford gerbe on M, 
Let {Uiji^i be an open covering of M, the riemannian connection wciv is 
defined by a family of so{n) forms Wi on Ui which satisfy Wj = adgij^^Wi + 
gij~^dgij. The covariant derivative of the Levi-Civita connection is d + Wi. We 
will fixes an orthogonal basis (ei,..,e„) of the tangent space TUi of Ui. and 
write Wi = X^fel" Wifcefc. 

we can define the spinorial covariant derivative by setting (jiij = —jWij. In 
the orthogonal basis (ei, ..,e„) we have (pe^ = Y,k,i (l>kiki^k&u with 4)ki = -4>ik- 
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The Dirac operator. 

Let eu be an object of Cl{U), Ui a trivialization of Cl{U), we will define 

On each object eu of C{U), we have the Lichnerowicz-Weitzenbock formula: 
Z)2 _ v*V + js, where s is the scalar curvature. In this formula V*V is the 
connection laplacian. 

We will say the global spinor is harmonic if D^.{si) =0, for each Sj. 

Proposition 1. 

Suppose that the scalar curvature s of M is strictly positive, and M is com- 
pact then every harmonic global spinor is 0. 

Proof. 

Let tl) be an harmonic global spinor, we can represent by a family of spinor 

Si defined on an open cover {Ui)i^i of M, we have on each Ui, Df.^{si) = 0, this 
imphes that D^.^^Si) = 0, we can write 

/ VV*Si + is = 

Jui 4 

this imphes that Jj^ s = 0, which contradicts the fact that the scalar curvature 
is strictly positive. 

Corollary 2. Suppose that the sectional curvature of a compact riemannian 
manifold is strictly positive then the class t{M) associated to the index formula 
for operators on the Cl{M) gerbe is zero. 

Acknowledgements. The author would like to thanks E. Meinrenken for 
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